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Stability of Hingeless Rotor Blades in Hover with
Pitch-Link Flexibility

Dewey H. Hodges* and Robert A. Ormiston*
Ames Directorate, U.S. Army Air Mobility R&D Laboratory, Moffett Field, Calif.

A stability analysis of a single cantilevered helicopter rotor blade in hover is presented. The blade is
represented by an elastic uniform beam, cantilevered in bending and having a torsional root spring to simulate
pitch-link flexibility. Nonlinear equations are adapted for a linearized stability analysis about the blade
equilibrium operating condition. Numerical results are obtained for hingeless rotor configurations having pitch-
link flexibility, precone, droop, twist, and flap-lag structural coupling. The resuits indicate that hingeless rotor
stability characteristics are sensitive to changes in most configuration parameters. For a given torsion frequency,
the effect of pitch-link flexibility is generally found to be similar to the effect of blade torisional flexibility.
Droop and precone, although physically similar, exhibit different effects on stability when pitch-link flexibility is
present. Twist is shown to influence the stability by altering the flap-lag structural coupling.

Nomenclature

=airfoil lift-curve slope, 2= per rad
=number of blades per rotor
=blade chord, m
o =airfoil profile drag coefficient
=ratio of pitch-link stiffness to blade elastic
torsion stiffness, Eq. (1)
J =blade elastic torsion rigidity, N-m
=approximate rigid blade flapping moment of
inertia, kg-m?
k4 =polar area radius of gyration, m
=principal mass radii of gyration, m
kg =pitch-link stiffness, N —m/rad
K, =approximate rigid blade flapping spring
stiffness, N—m/rad
K, =approximate rigid blade lead-lag spring
stiffness, N — m/rad
Ky =approximate rigid blade total torsion equi-
valent spring stiffness, N — m/rad
K, =approximate rigid blade torsional spring
stiffness, N —m/rad
K =approximate rigid blade pitch-link spring
stiffness, N — m/rad
N =number of assumed mode shapes for each of
the elastic torsion, flap bending, and lead-lag
bending deflections
=approximate rigid blade flap frequency, made
dimensionless by Q
=blade length, m
=structural coupling parameter
=radial station along blade, made dimen-
sionless by blade length R
=blade droop, positive down, rad
=Dblade precone, positive up, rad
=blade Lock number
=small parameter of the order of magnitude of
the bending slopes
=twist parameter, twist angle = —0,%, rad
0 =blade root pitch angle, positive, leading edge
up, rad
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0 =blade pitch angleat ¥ = % (=6,— 39,), rad

0, =effective pitch-lag coupling

(¢] =approximate rigid blade total torsion
deflection, rad

g =rotor solidity, bc/wR

g, =real part of lead-lag mode eigenvalue, made
dimensionless by Q

13 =Dblade torsional deflection, rad

o; =approximate rigid blade induced inflow angle,
rad

$ = blade root pitch-link torsional deflection, rad

w, =blade fundamental lead-lad bending frequency
made dimensionless by Q

@, =blade fundamental flap bending frequency,
made dimensionless by

Wy =blade fundamental torsion frequency, made
dimensionless by Q

Q =blade angular velocity, rad/sec

( )g,A( ) =equilibrium and perturbation components of
blade deflections

Introduction

HE general problem of helicopter aeroelastic stability

involves coupling between the motion of the individual
blades and coupling between the rotor and the body of the
helicopter. The complexity of the general problem poses a
considerable challenge to the analyst, both in developing an
analytical model of the system and in understanding its
physical behavior. An important part of the general rotor-
body dynamic system is the single blade rotating about an axis
fixed in space. For. many problems of practical interest, blade-
to-blade and rotor-body couplings are not significant, and the
analysis of a single rotor blade constitutes an important
problem by itself. Even when coupling with other blades and
the body is significant, the single-blade behavior often
remains recognizable and can be helpful in understanding the
behavior of the more complete system. For this reason, the
dynamics of a single blade represents an important fun-
damental step in the study of helicopter dynamics.

Helicopter rotors with cantilever blades are commonly
termed ‘‘hingeless rotors.”’ In contrast with the more con-
ventional articulated rotor, the cantilever blades of the
hingeless rotor are attached directly to the hub without flap or
lead-lag hinges. This configuration reduces mechanical
complexity and improves helicopter flying qualities by in-
creasing rotor control power and angular rate damping. The
lack of hinge articulation also alters the structural charac-
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teristics of the rotor blade and can significantly influence
aeroelastic stability. Aeroelastic instability is possible because
of the structural coupling between bending and torsion
deflections of cantilever blades. This type of instability is
usually characterized by coupled flap bending, lead-lag
bending, and torsion deflections, with a frequency near the
lead-lag bending natural frequency.

This paper is an extension of the authors’ previous work,
which treated a basic untwisted torsionally elastic cantilever
blade with uniform radial distributions of mass and stiffness.
The configuration included precone and an approximate
representation of flap-lag structural coupling intended to
simulate more general configuration having nonuniform
radial distributions of bending stiffness. The present work
includes the additional configuration parameters of twist,
pitch-link flexibility, and droop. As in Ref. 1, the blade
section mass center, aerodynamic center, and elastic axis are
coincident, and a quasisteady aerodynamic formulation is
used. The exclusion of certain details in the present research is
consistent with the objective of obtaining a clear and
relatively complete understanding of the fundamental
behavior of the system. The addition of extraneous details at
this point would complicate the analysis unnecessarily and
obscure the interpretation of the results.

The derivation of the equations of motion, given in detail in
Ref. 2, is briefly described. The modal solution method is
outlined and results are presented in the form of stability
boundaries and lead-lag mode damping. For additional
background discussion of the aeroelastic stability of hingeless
rotor blades, and a discussion of recent pertinent research, the
reader is referred to Ref. 1.

Description of Rotor-Blade Configuration

A comprehensive study of hingeless rotor stability is a
formidable task because of the many important configuration
parameters. The present study is limited to a few of the main
parameters. A cantilever blade structure (Fig. 1) is composed
of two flexible beam segments joined by the pitch-change
bearing. The inboard hub segment is fixed to the hub at the
root end of the blade, whereas the outboard segment can be
rotated about the pitch-change bearing by moving the pitch
link vertically from the swashplate controls. Pitch-link
flexibility, represented by a spring element, will permit rigid-
body pitching motion of the outboard blade segment (i.e.,
root torsion). Certain small angular offsets of the blade axis
are often provided to reduce blade-bending stresses, to im-
prove rotorcraft flying qualities, or to enhance rotor-blade
aeroelastic stability. Two of these angular offsets are con-
sidered here. Precone is the inclination of the pitch-change
bearing with respect to the plane of rotation (positive up-
ward); droop is an inclination (positive downward) of the
blade segment outboard of the pitch-change bearing (as
illustrated in Fig. 2).

Structural coupling between flap and lead-lag bending
depends on the relative stiffness of the blade segments in-
board and outboard of the pitch bearing, because the prin-
cipal elastic axes of the outboard blade segment rotate
through the angle 8, as the blade pitch angle varies, whereas
the inboard segment principal axes do not. The resultant
effective orientation of principal axes depends on the blade
geometry and distribution of bending stiffnesses inboard and
outboard of the pitch bearing. Although such variations in
flap-lag structural coupling significantly influence stability,
they cannot be treated exactly by the present analysis which is
based on the equations of motion for a cantilever beam with
uniform mass and stiffness.

In the present analysis, the ‘inboard beam segment is
eliminated and the pitch change bearing is placed in the hub.
The effect of the inboard beam segment on flap-iag structural
coupling can be approximately retained, however, by ar-
bitrarily setting the inclination of the principal elastic axes of
a uniform single-segment blade equal to some effective
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principal axis inclination of the nonuniform blade. This is
accomplished by having the uniform blade structural prin-
cipal axes inclined at some fraction ®9, of the blade pitch
angle 6, while the mass and inertial terms are unchanged. The
factor & is called the structural coupling parameter. When ®
=], the original equations are retained, but as ® is reduced to
zero, the flap-lag structural coupling terms diminish and
eventually vanish. Although this is only an approximation of
the true effect of flap-lag structural coupling, it greatly
simplifies the equations and does illustrate the type of
behavior that would be expected for a general nonuniform
blade.

Although some analyses®* have treated torsionally rigid
rotor blades with pitch-link flexibility (also called root tor-
sion), the present work includes the effects of blade torsional
flexibility and pitch-link flexibility simultaneously. Reference
4 also treated both, but only included numerical results for
root torsion. The parameter f defines the distribution of
torsion flexibility between the pitch link and the blade

f=ksR/GJ 1)

where R is the blade length and k; and GJ are spring and
blade torsion stiffnesses, respectively. Thus, for a given
torsion frequency, f=0 is pure root torsion and f= o is pure
elastic torsion,
where R is the blade length and &k, and GJ are spring and
blade torsion stiffnesses, respectively. Thus, for a given
torsion frequency, f=0 is pure root torsion and f=o is pure
elastic torsion

Other configuration parameters of interest are the bending
frequencies w, and w,,, torsion frequency w,, Lock number v,
solidity o, dimensionless blade chord c¢/R, ratio of blade
profile drag to the lift-curve slope Ca, /0, dimensionless polar
area radius of gyration k,/R, and dimensionless principal
mass radii of gyration k,, /R and k,, 5 /R. These parameters
are defined in Ref. 1. All results presented here are for
configurations with w,=1.15, y=5, 0=0.1, c/R=7/40,
€4, 10=0.01/27, kylk,,=(l.5) ”, k,, /R=0, and
ka /R=0.025. The remaining parameters w,, w,, ®, f,
B4,8,0, 6, and 8, (or 0, =6,—38,) are specified in the
captions of each figure.

HUB
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BEARING -

INBOARD
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OUTBOARD
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FLAP BENDING

PITCH LINK

LEAD - LAG

TORSION BENDING

Fig. 1 Rotor-blade configuration; only the outboard blade segment
is included in the present analysis.

PITCH-BEARING

PITCH - LINK DROOP .~~~ AXIS
FLEXIBILITY =

Fig.2 Orientation of precone and droop.
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Description of the Analysis

The equations of motion for the blade are derived in Ref. 2.
The structural terms are adapted from Ref. 5 and the inertial
terms are obtained from the kinetic energy. The aerodynamic
terms are developed from strip theory based on a quasisteady
approximation of Greenberg’s two-dimensional unsteady
airfoil theory. Uniform induced inflow is assumed based on
the momentum theory approximation at the ¥ -blade radius.
The total blade pitch angle in calculating the inflow is taken to
be 0,—0,x+®,+dy(%) at x=%. The derivation of aero-
dynamic forces is slightly different from Ref. 1: a) no small-
angle assumptions are made for 8,, the blade pitch angle at
the root, and b) the apparent mass terms in the blade-torsion
equation due to blade coning are retained in this analysis. 2
The equations of motion are nonlinear, and nonlinear terms
are retained up through second order in ¢, where ¢ is of the
order of magnitude of the bending slopes. Third-order terms
are retained in the ® equation to achieve torsion moment
equilibrium between the blade elastic torsion moment and the
pitch-link spring moment at the blade root at high pitch
angles. The corresponding third-order terms involving & in
the flap, lead-lag, and torsion equations are retained so that
the mass and stiffness matrices will be symmetric and the
gyroscopic matrix will be antisymmetric (in vacuo). The
equations of motion are hybrid. There are three integro-
partial differential equations for elastic lead-lag and flap
bending and elastic torsion, v, w, and ¢, respectively, and one
integro-differential equation for the root torsion angle $.

Both pitch-link flexibility and blade torsional flexibility
affect the uncoupled (0,=6,=8,=8,=0) fundamental

torsion natural frequency of a uniform blade rotating in a
vacuum.? Thus, when we examine blade configurations with
a given torsion frequency wy, a change in f will affect both GJ
and k4 in order to keep w4 constant.

Standard mode shapes for a nonrotating uniform cantilever
beam are used in the application of Galerkin’s method to
reduce the four hybrid equations to 3N + I nonlinear ordinary
differential equations. Here N is defined as the number of
modes for each of the elastic torsion, flap bending, and lead-
lag bending deflections. These nonlinear ordinary differential
equations are linearized from small perturbation motions
about the equilibrium operating condition resulting in 3N+ /
nonlinear algebraic equations for the equilibrium generalized
coordinates and 3N + 1 linear ordinary differential equations
with the low-frequency modes are suitably converged and a
coordinates. The linear perturbation equations have coef-
ficients that depend on the equilibrium generalized coor-
dinates and yield a standard eigenvalue problem

(X} =[P](X) )

where [(P] is a (6N +2) X (6N +2) matrix. Since cantilever
blade torsion modes do not satisfy the moment equilibrium at

0.6 (DIV) . 1{(DIV)

%

LEAD-LAG DAMPING, oy

AR=01}0.2 0.6 UNSTABLE

STABLE

) 1 1 1 )
.5 [ Ko} 1.5 2.0 25
LEAD —LAG BENDING FREQUENCY, wy

Fig. 3 Effect of flap-lag structural coupling on stability boundaries
of pitch angle vs lead-lag frequency for a blade without pitch-link
flexibility, droop, precone, or twist; », =5.
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the blade root when the pitch link is flexible, the results are
sensitive to N. For N=35, however, the eigenvalues associated
with the low-frequency modes are suitably converged and a
modal analysis is used that reduces the eigenvalue problem
from 32 x 32 to only 12 X 12. As pointed out in Ref. 1, this is
equivalent to using six fully coupled mode shapes associated
with the eigenvalues of the lowest frequency modes. After the
truncation from 32 degrees of freedom to 12, the modes
remaining are two or three lead-lag modes, two or three flap
modes, and one torsion mode, depending on the values of w,,
w,, and w,. This greatly reduces the size of the eigenvalue
problem while leaving the eigenvalues for the low-frequency
modes virtually unchanged. The nonlinear algebraic
equilibrium equations are solved by Brown’s method,’ and
the eigenvalue problem is solved by the QR algorithm.

Results

Before discussing the present results, it will be useful to
briefly describe the effects of basic configuration variables on
hingeless rotor-blade stability.! For cantilever rotor blades
without chordwise offsets between the center of mass, elastic
axis, and aerodynamic center, the stability characteristics are
mainly determined by two structural effects: flap-lag
structural coupling and bending-torsion structural coupling.
The former couples flap bending and lead-lag bending
motions when the flap and lead-lag bending stiffnesses are
unequal and when the principal elastic axes are inclined to the
plane of rotation. Normally, this inclination is a function of
the pitch angle of the rotor blade. As discussed previously, it
also depends on the relative stiffness of the blade segments
inboard and outboard of the pitch bearing, which is ar-
bitrarily simulated by the parameter ®. For soft inplane
configurations, ,<1.0, flap-lag structural coupling
stabilizes the blade motion, i.e., it increases the damping of
the lead-lag mode. For stiff inplane configurations, w, > 1.0,
flap-lag structural coupling effects are larger and more
varied. Small coupling can produce lead-lag mode instabilities
while large coupling is usually highly stabilizing. If the flap
and lead-lag stiffnesses are equal, the configuration is called
“matched stiffness’” and flap-lag structural coupling is
eliminated.

The bending-torsion structural coupling is generally more
complicated and can have a more substantial influence on
blade motion stability than flap-lag structural coupling. This
coupling occurs when torsional moments are generated by
simultaneous flap and lead-lag bending of blade con-
figurations having unequal flap and lead-lag bending stiff-
nesses. The resulting torsional deflections are proportional to
the torsional flexibility of the blade. This coupling is
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PITCH ANGLE, 85,4, rad

Fig. 4 Effect of twist on lead-lag damping vs blade pitch angle; w,
=15 R=10,0,=35f=2,8;=Bp.=0.
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inherently nonlinear, since it depends on the product of
bending deflections, but for small-perturbation motions
about an equilibrium operating condition, it can be
characterized by linear coefficients that depend on the
equilibrium bending deflections. These coefficients relate the
blade pitch motion to flap and lead-lag bending and are
termed ‘‘pitch-flap’’ and “‘pitch-lag’’ couplings, respectively.
Precone strongly influences pitch-lag coupling, since it in-
fluences the equilibrium flap deflection of the blade. These
couplings vanish for the matched stiffness configuration.

For configurations with very low torsion frequency, the
stability behavior is complex and is dominated by torsional
dynamics. For higher torsional frequencies, w,S 5, the ef-
fects of torsional dynamics are less important and the effects
of torsion frequency and precone are readily understood in
terms of their influence on the effective pitch-flap and pitch-
lag coupling parameters. The influence of these coupling
parameters on stability of torsionally rigid blades is
reasonably well understood.®® For soft inplane con-
figurations without precone, negative pitch-lag coupling is
produced for positive equilibrium flap deflections and
stabilizes the lead-lag mode for all values of flap-lag struc-
tural coupling. Precone reverses the sign of the pitch-lag
coupling at low blade pitch angles and can produce lead-lag
mode instability, sometimes termed ‘‘precone instability.”’
The effect of pitch-lag coupling on stiff inplane con-
figurations depends strongly on the degree of flap-lag
structural coupling. When the flap-lag coupling is low,
torsional flexibility produces destabilizing negative pitch-lag
coupling, but this coupling is stabilizing for configurations
with high flap-lag structural coupling. Precone is destabilizing
when the flap-lag structural coupling is high but stabilizing
when it is low. The effects of the new configuration variables
introduced here can be roughly interpreted in the context of
this brief background discussion.

Flap-Lag Structural Coupling

Figure 3 shows the effect of ® on the stability boundaries
of pitch angle vs lead-lag frequency for a typical torsional
frequency. The blade is torsionally flexible, and there is no
pitch-link flexibility, precone, droop, or twist. The stability
boundaries denote lead-lag mode instabilities, except that the
notation ““DIV”’ on a boundary refers to a flap mode
divergence. The results show that stiff inplane configurations
will be unstable for low values of ® and stable for large ®. In
practical configurations, a value of ® =0 is not likely because
this implies that all bending flexibility is inboard of the pitch-
change bearing. It represents only an ideal limiting case of a
rotor-blade configuration. (Results for the blade con-
figuration in Fig. 3 were given previously! with some small
quantitative differences in the stability boundary locations.
This resuited from the addition of a small apparent mass
aerodynamic pitching moment term to the present results.)

Twist

The effect of blade twist is to introduce an increment of
flap-lag structural coupling that varies along the blade and is
independent of blade pitch angle. Twist also influences the
distribution of aerodynamic forces along the blade, but this
generally has a small effect on stability. When blade twist is
included in the configuration, the use of the structural
coupling parameter ® becomes ambiguous. For example, &
= () implies that the bending flexibility of the blade outboard
of the pitch bearing is zero, in which case twist could have no
significance in a structural sense. Therefore, it is advisable to
eliminate ® from the equations, which effectively means ®
= 1.0. This restores the equations to their original form given
in Ref. 4. As noted in Fig. 3, the configuration ® = 1.0 does
not exhibit significant unstable behavior, so the effects of
twist will be observed as they influence lead-lag mode
damping. Results for a stiff inplane configuration, w,=1.5,
are shown in Fig. 4, For a given value of the blade pitch angle
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at the ¥ -radius, twist increases the inclination of the principal -
flexural axes of the blade cross section at the root end of the
blade. This increases flap-lag structural coupling in the region
of the blade where most of the bending takes place. For the
stable stiff inplane configuration shown, this increased
coupling increases the lead-lag damping by a significant
amount, particularly at low blade pitch angles. The effect of
twist would be less important for soft inplane configurations -
since the difference between flap and lead-lag bending stiff-
nesses is smaller.

Pitch-Link Flexibility

The effect of the distribution of torsion flexibility between
flexible pitch-link motion and blade elastic torsion is
illustrated in the next series of figures. The parameter f
represents the ratio of blade pitch-link stiffness to the blade
torsional rigidity. A value of infinity corresponds to the
configurations without pitch-link flexibility treated in Ref. 1
and a value of zero corresponds to a torsionally rigid blade
with rigid-body pitching motion at the pitch bearing. At any
given torsion frequency, the main effect of the distribution of
flexibility is to modify the torsion mode shape. It is not an-
ticipated that this will produce a fundamental change in the
stability of typical configurations without droop. For these
results, the structural coupling parameter & was chosen to be
zero to illustrate the effects of f on typical stability boun-
daries. The first result in Fig. 5 shows the effect of f on the
stability boundaries of pitch angle vs lead-lag frequency for a
torsion frequency w, =8. Twist, precone, and droop are all
zero. The effect of adding pitch-link flexibility (f decreasing
from o to 0) is to slightly destabilize the stiff inplane in-
stability; i.e., the instability occurs at a lower blade pitch
angle. This can be attributed to the fact that the torsional
flexibility is concentrated at the root of the blade where the
structural torsion moments due to bending are largest. This
would amplify the torsional response compared to the case
where the torsional flexibility was distributed along the blade
in a region of reduced structural torsion moments. This would
effectively increase the influence of bending-torsion structural
coupling and the associated pitch-lag coupling that is
destabilizing for this configuration. Another result is given in
Fig. 6 for a torsion frequency of 5; the results are similar
except that, for small values of f, the stiff inplane instabilities
are eliminated for a small range of 8, at high blade pitch
angles. The lead-lag instability encountered at low pitch angle
becomes stable as 8, is increases, but at the upper boundary a
flap mode divergence occurs. For a blade without pitch-link
flexibility, f= oo, a high pitch angle flap divergence is present
only for values of ® near 1.! The present results indicate that
with large pitch-link flexibility, f=0, this flap mode
divergence occurs for small as well as large values of ®.

The relationship of the stability boundaries to the torsional
flexibility distribution and torsion frequency is shown in more
details in Figs. 7 and 8. These results, for lead-lag frequencies
of 1.5 and 1.1, respectively, show the stability boundaries of

5
( f=o
10
o 4r |
g o]
&
-3k
w UNSTABLE
o
Z
rer f=0 1 10 ®
e STABLE )
T
A+
O 1 1 1 1
5 ' 1.0 5 2.0 25

LEAD-LAG FREQUENCY, wy

Fig. 5 Effect of relative pitch-link flexibility on stability boundaries
of pitch angle vs lead-lag frequency; ® =0, w, =8, 8, =8, =8,. =0.



480 D.H. HODGES AND R.A. ORMISTON

6, vs torsion frequency. In Fig. 7, a typical stiff inplane
configuration (except for the idealization of zero flap-lag
structural coupling ® =0) illustrates the stabilizing influence
of increasing torsional stiffness on the low pitch angle, lead-
lag mode instability. This is due to the reduction in effective
pitch-lag coupling produces by bending-torsion structural
coupling as the torsional stiffness becomes large. As noted
earlier, the effect of pitch-link flexibility is to reduce the pitch
angle at which the lead-lag mode instability occurs. For
configurations with large pitch-link flexibility, the lead-lag
mode instability is eliminated at high pitch angles and a flap
mode divergence occurs as noted previously. Figure 7 shows
that this behavior occurs only for low and moderate values of
the torsion frequency. Figure 8 illustrates the complex
behavior that occurs for lead-lag frequencies slightly greater
than 1.0—the region where the stiff inplane stability boun-
daries rapidly increase with decreasing lead-lag frequency.
Although lead-lag frequencies this close to 1.0 do not
represent practical configuration values because of excessive
rotor-blade response to 1/rev periodic excitations, they do
provide a sensitive test for aeroelastic stability analyses.
Figure 8 shows that the effect of pitch-link flexibility does not
change the basic character of the stability boundaries except
at very low torsion frequencies; otherwise, for intermediate
torsion frequencies, the high pitch angle instability changes
from a lead-lag mode instability to a flap mode divergence as
the relative pitch-link flexibility increases. At high torsion
frequencies, the instability becomes a pure flap-lag instability.

The results for a configuration similar to that in Fig. 8 for f
=o were given previously in the discussion of Ref. 3 by
Ormiston and Hodges. These results were compared to similar
results for f=0 given in Ref. 3. At low to moderate torsion
frequencies, the two results were qualitatively different; the
results from Ref. 3 for f=0 did not exhibit the instability
present for f=o0. The difference did not appear to be due to
the minor differences between torsion mode shapes for f=0

5 HOW) ——
( f=0(0IV) -
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f=0 10w

PITCH ANGLE, 8¢, rad
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0 1 1 1 |
.5 1.0 1.5 2.0 2.5

LEAD-LAG FREQUENCY, wy
Fig. 6 Effect of relative pitch-link flexibility and blade torsion
flexibility on stability boundaries of pitch angle vs lead-lag frequency;
R=0,ws=5,0,=B4=8,.=0.
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Fig. 7 Effect of relative pitch-link flexibility and blade torsion
flexibility on stability boundaries of pitch angle vs torsion frequency;
®R=0, w,=15,0,=B4=8,.=0.

AIAA JOURNAL
f=0(DIv)
.4
3 UNSTABLE
o
® 3
lj’ ooiv) v
<o
Z STABLE
T .0
(&1
=
o UNSTABLE
0 1 1 i !\‘ 1 1 L 1 1 N
2 4 6 8 10 20 30 40 50 60 ©

TORSION FREQUENCY , w¢

Fig. 8 Effect of relative pitch-link flexibility and blade torsion
flexibility on stability boundaries of pitch angle vs torsion frequency;
R=0,w0,=11,0,=B4=8,.=0.

and oo. The present results in Fig. 8 for f varying continuously
from 0 to oo indicate that the stability does not appear to be
strongly dependent on f and that instability can occur at low
torsion frequencies for f=0.

As noted earlier, the effect of pitch-link flexibility is a
relatively small mode-shape influence for configurations
without droop. When droop is present, however, the effect of
pitch-link flexibility is qualitatively different from that of
elastic blade torsional flexibility.

Droop and Precone

Droop and precone are known to have a strong influence on
the stability of torsionally flexible cantilever rotor blades,
particularly when pitch-link flexibility is present. These ef-
fects are complex, however, and few results have been
published to clarify the stability behavior for a reasonably
typical blade configuration. The present analysis offers the
possibility of explaining some of the interrelated effects of
droop, precone, torsional frequency, and the distribution of
torsional flexibility f. Reference 1 presents an extensive in-
vestigation of the effects of precone for configurations
without pitch-link flexibility, and the primary structural
effects were characterized in terms of the effective pitch-lag
coupling of the blade. This approach can be extended to
include the effects of droop and pitch-link flexibility. The
previous development of the effective pitch-lag coupling used
the fundamental mode perturbation equations of the elastic
blade. The development of simple expressions for the
equivalent pitch-lag coupling, including the new parameters,
is greatly facilitated by using a simple discretized represen-
tation of the elastic blade rather than the modal perturbation
equations. The derivation in the Appendix gives the following
result for the effective pitch-lag coupling of the blade

(K¢ —Kp) By
T

i

1 Y
0= = { = gz (Ks =Ky (By=00) +

This expression, although only an approximation to the
actual structural behavior of an elastic blade, clearly and
simply illustrates the role of each of the primary con-
figuration variables of interest. The first two terms are due to
blade pitch angle and precone. They were given in Ref. 1| in
slightly different form, however, since that derivation was
based on the elastic blade modal equations. Equation (3)
shows that, without precone or droop, a negative pitch-lag
coupling is generated for positive blade pitch angles. This is
proportional to the difference between the lead-lag and flap
bending stiffnesses and inversely proportional to the torsional
stiffness. A similar term of opposite sign is generated by
precone. This term dominates the pitch-lag coupling at low
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Fig. 9 Effect of relative pitch-link flexibility and blade torsion
flexibility on stability boundaries of pitch angle vs precone; ® = 1, w,
=13, wy=4,0,=0,4=0.

angles and is responsible for the low pitch angle ‘“‘precone
instability.’’ Neither blade pitch nor precone generate pitch-
lag coupling for matched stiffness configurations since K, =
K. This explains the virtual absence of instabilities for
matched stiffness, uniform cantilever blades without
droop. !'* Note, however, that, contrary to this reasoning, the
results in Ref. 4 exhibited unexplained matched stiffness
instabilities.

The third term for the effect of droop is more complex than
the first two. Since droop influences the equilibrium flap
deflection of the blade outboard of the pitch bearing, it
creates a different pitch-lag coupling effect for pitch-link
flexibility than for blade torsional flexibility. Thus the in-
fluence of droop in pitch-lag coupling is a function of f. There
are two droop terms in Eq. (3), one similar to the precone
term and one that depends only on the lead-lag bending
stiffness and the distribution of torsional flexibility f. The
latter term vanishes for f= oo when the pitch link is rigid and
the effect of droop is identical to negative precone; it is
maximized for f=0 when the blade is torsionally rigid. Note
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Fig. 10 Effect of relative pitch-link flexibility and blade torsion
flexibility on stability boundaries of pitch angle vs droop; R =1, w,
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Fig. 11 Effect of relative pitch-link flexibility and blade torsion
flexibility on stability boundaries of pitch angle vs droop; R =1, w,
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that this term generates pitch-lag coupling for matched
stiffness blade configurations having pitch-link flexibility and
therefore can result in lead-lag mode instabilities when 8, > 0.

A few results illustrating the effects of droop and precone
are given in the following figures. Figure 9 shows the effect of
the torsional flexibility distribution on the precone instability
that occurs at low pitch angles for both soft and stiff inplane
configurations with large flap-lag structural coupling ® =1.0.
A stiff inplane configuration with a torsion frequency of 4 is
chosen. The effect of pitch-link flexibility is relatively small as
it does not change the basic character of the stability boun-
dary. Increasing the pitch-link flexibility increases the ef-
fective pitch-lag coupling by influencing the torsion mode
shape (as noted above). The region of instability is
correspondingly enlarged.

Figure 10 shows an analogous result for the same con-

figuration but with negative droop substituted for precone.
As was evident from the effective pitch-lag coupling relation
[Eq.(3)], precone and negative droop have the same influence
when the pitch link is rigid and the stability boundaries for
f=o0 are virtually identical in Figs. 9 and 10. However, as
pitch-link flexibility is introduced, there is a fundamental
change in the pitch-lag coupling. The contribution due to
droop decreases with f and the low pitch angle instability is
eliminated. For very low values of f, the sign of the pitch-lag
coupling due to droop will change, and this results in in-
stability at negative blade pitch angle.

The final result in Fig. 11 illustrates that droop and pitch-
link flexibility together can cause instability for a matched
stiffness configuration. While the instabilities for the stiff
inplane configuration (Fig. 10) were generated by negative

Fig. 12 Discretized representation of elastic cantilever biade showing
spring elements used to develop approximate expression for effective

pitch-lag coupling; spring elements are shown radially offset from
center of rotation for clarity.
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droop, the matched stiffness configuration requires positive
droop to generate the destabilizing positive pitch-lag
coupling, For the matched stiffness configuration with
nonzero droop, the pitch-lag coupling due to droop depends
strongly on f and the coupling decreases to zero as f increases
to oo, This is clearly evident in Fig. 11 as the region of in-
stability becomes smaller as the pitch link becomes stiffer.

Conclusions

The present results are intended to give some insight into
the effects of certain configuration parameters on the general
stability characteristics of hingeless rotor blades. The main
results are summarized as follows:

1) The effects of flap-lag structural coupling significantly
influence the stability characteristics of torsionally flexible
hingeless rotor blades. Typical lead-lag mode instabilities that
occur for stiff inplane configurations are generally stabilized
by increased flap-lag structural coupling.

2) Blade twist increases flap-lag structural coupling and
may significantly increase lead-lag mode damping, par-
ticularly for stiff inplane configurations.

3) Pitch-link flexibility moderately influences rotor-blade
stability, primarily by altering the torsion mode shape and
increasing the effective pitch-lag coupling. Although there are
some exceptions, the basic character of the stability boun-
daries is relatively insensitive to the distribution of torsional
flexibility between the pitch link and the blade.

4) Blade droop and pitch-link flexibility together can
strongly influence blade stability. Without pitch-link
flexibility, the effect of negative droop is equivalent to
. precone. With pitch-link flexibility, droop produces ad-
ditional effects that can generate instability in matched
stiffness blade configurations and strongly influence other
configurations as well.

Appendix

The derivation of the effective structural pitch-lag coupling
of a discretized cantilever blade is given here. The pitch-link
stiffness and blade torsional rigidity are lumped into the
springs K; and K, respectively. The orientation of these
springs is determined by the precone and droop of the blade.
The flap and lead-lag stiffnesses are represented by the or-
thogonal springs Kz and K, respectively. Flap-lag structural
coupling is ignored by fixing the orientation of the K and K,
springs independent of the blade pitch angle 6,. Using small-
angle approximations, the structural equilibrium of the spring
system yields the following expression for the total torsional
deflection of the blade, where O =%+ ¢

- L[k _ KiBat
0= Ke[(Kf Ky B¢ 1+f] (A1)
where

f=K4/K, Ko=KKo/ (Ky+Kg)

The first term in this expression is the primary bending-
torsion structural coupling effect and it is nonlinear in the
blade bending deflections 8 and {. Its contribution to linear
stability is readily obtained by considering small-perturbation
motions (AB, A{, A©) about a known equilibrium condition
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(8o, $os ©5). By ignoring nonlinear terms in the perturbation
quantities, the ratio of perturbation blade-pitch deflection to
perturbation lead-lag deflection, which is the effective pitch-
lag coupling, becomes

AO 1
0;=A—§, = —K—.e[(Kg‘Kﬂ)ﬁo"

K{Bd
1 +f] ' (A42)

The equilibrium flapping deflection of the blade may be
approximated by considering the aerodynamic and inertial
moments acting on the blade® and again neglecting flap-lag
coupling.

- Bpe—Ba (A3)
60_ 8p2 ( ¢ ) p
where
v=pacR*/I;  p=VI1+K,;/I’

Note that (8, —¢;) is the blade pitch angle minus the induced

inflow angle due to rotor downwash. It is the angle of attack

of the blade in equilibrium conditions. Substituting Eq. (A3)
+ into (A2) yields, for the effective pitch-lag coupling

1 Y (K -K )B c
b= { = gz (Ks =Ko (B9 =) 4L 20
Kﬁ K,
i K]
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